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Fiedler linearizations I
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is a linearization (=same eigenvalues and multiplicities) of the matrix
polynomial

A3x3 + A2x2 + A1x + A0 ∈ R[x ]n×n.
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Fiedler linearizations II

. . . and so is any product of the same factors in different order [Fiedler, ’03,
Antoniou-Vologiannidis ’04]
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Fiedler linearizations III

. . . and there are more with factors of the same kind. [Vologiannidis-Antoniou
’11] 

I
A0 A1

A0 A1 A2
I A2 A3

− x


I

A0 A1
I A2

−A4



=


I

I A1
I

I



I

I
I A2

I



I

I
I

I A3



A0

I
I

I




I
I A1

I
I



I

I
I A2

I



A0

I
I

I



−x


I

I A1
I

I



I

I
I A2

I



1

1
1
−A4



A0

I
I

I

.

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 4 / 28



Plan
Finding new linearizations and using them numerically is a very active
research area.

Special interest in finding structured (symmetric, palindromic. . . )
linearizations of structured matrix polynomials.
[Mackey-Mackey-Mehl-Mehrmann ’06]

In this talk: we study Fiedler linearizations using signal-flow graphs /
computational diagrams.
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Diagrams for elementary factors
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Commuting factors

F3F1 = F1F3
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More complex diagrams
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Operation-freeness
Desirable property of our linearizations: no operations needed.
Does not hold for all Fiedler products:
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Theorem ([Vologiannidis-Antoniou ’11])
A Fiedler product is operation-free unless there are two factors Fk without
a Fk+1 in-between.

‘Forbidden shape’: Ai Ai

any length
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Sketch of a (diagram-based) proof
Nontrivial part: take a non-operation-free product:
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Forbidden shape at bottom of the lower path
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The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



The Middle Standard Form
Rule: draw each block as close to the middle as possible.

F4F5F1F2F3F0F1F4F6F3F5F4F3F2F1F0

1

2

3

4

5

6

7

A0

A1

A3

A1

A2

A3

A4

A6

A5

A4

A5

A4

A3

A2

A1

A0

middle
F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 11 / 28



Other standard forms
Row standard form: blocks as far left as possible (inside a triangular frame)
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Naturally arranged in diagonals.
Column standard form: blocks as far right as possible.

Corollary ([Vologiannidis-Antoniou ’11])
For a degree-d A(x), there are (d + 1)! operation-free products.
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Symmetric matrix polynomials

If A(x) is symmetric (i.e., Ai = A∗
i for all i), then

the blocks Fi = F ∗
i are symmetric;

a diagram for F ∗ is obtained by flipping horizontally one for F .

1

2

3

4

5

6

7

8

A0

A1

A0

A2

A3

A4

A3

A2

A1

A0

A2

A7

A6

A5

A6

A5

1

2

3

4

5

6

7

8

A0

A1

A0

A2

A3

A4

A3

A2

A1

A0

A2

A7

A6

A5

A6

A5

F F ∗

F. Poloni (U Pisa) Counting Fiedler pencils GAMM 2017 13 / 28



The MSF reveals symmetry
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Symmetric Fiedler products
Theorem
F = F ∗ ⇐⇒ The MSF of F has left-right symmetry.

We can count symmetric Fiedler products through their MSF:

Theorem
Let Σd be the number of different operation-free symmetric Fiedler
products constructed from symmetric A(x) of degree d. Then,

Σd = Σd−1 + d Σd−2, Σ1 = 2, Σ2 = 4.
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Looking up this sequence
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Infix pairs

Pairs of op-free products with and without an infix ‘zig-zag’ path.
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Basic building block for Fiedler-type linearizations.

Warning: coloring not uniquely determined.
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Standard form for symmetric infix pairs
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Theorem
In a symmetric infix pair (up to recoloring / equivalence): the 3 middle
columns are completely filled and contain entirely the zig-zag path.

Similar (but more complicated) form in [Bueno-Curlett-Furtado ’06].
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Counting infix pairs
Theorem
The number of symmetric op-free infix pairs (for A(x) of degree d) is

(d − 1)!! = (d − 1)(d − 3)(d − 5) · · · (2 or 1).

Theorem
The number Πd of op-free infix pairs (for A(x) of degree d) satisfies

Πd = 2dΠd−1 − (d − 1)2Πd−2, Π1 = 1, Π2 = 3.
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Left extension Right extension
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Number of infix pairs
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Finally, linearizations
Fiedler pencil with repetitions = infix pair on the top + an analogous pair

of inverse Fiedler matrices
−Ai

.
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L(Z+ − xZ−)R.
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Symmetric linearizations
Symmetric top pair + symmetric bottom pair.
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Counting linearizations

Theorem
For a degree-d matrix polynomial A(x), there are

d∑
h=1

ΠhΠd+1−h

different Fiedler pencils with repetitions.

Theorem
For a degree-d symmetric matrix polynomial A(x), there are

d∑
h=1

(h − 1)!!(d − h)!!

different symmetric Fiedler pencils with repetitions.
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Not on OEIS
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(Anti-)palindromic pencils
A(x) antipalindromic matrix polynomial, i.e., Ai = −A∗

d−i .

Are there antipalindromic Fiedler pencils with repetitions, i.e., F − F ∗x?

No (apart from the trivial case d = 1).
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J-antipalindromic pencils

However, for odd d , one can have J(F − F ∗x) antipalindromic
[Bueno-Furtado ’12], with

J =


In

In
. .
.

In

 .

Remark: for even d , there are no general constructions for palindromic
linearizations (not only Fiedler ones). [Mackey-Mackey-Mehl-Mehrmann ’11]
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J-antipalindromic Fiedler pencils
J = up/down flip. A pencil F − xG is J-antipalindromic if G can be
obtained by F with an up-down and a left-right flip. E.g.:
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−A9

−A10

−A11

−A12

−A13

−A9

−A10

A5

A2

A1

A0A0

A4

A3

There are Π d+1
2

of them.
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of them.
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Conclusions

Diagrams are a powerful tool to understand, characterize and count
Fiedler-type pencils.
New proofs and results, standard and special forms.
Some issues ignored in this talk, e.g., different diagrams ↔ different
matrices?

Symmetries in the matrix polynomial

Symmetries in the spectrum

Symmetries in the diagram

Thanks for your attention!
Questions?
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