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Componentwise accurate fluid queue
computations using doubling algorithms
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Abstract

Markov-modulated fluid queues are popular stochastic processes frequently used for
modelling real-life applications. An important performance measure to evaluate in
these applications is their steady-state behaviour, which is determined by the sta-
tionary density. Computing it requires solving a (nonsymmetric) M-matrix algebraic
Riccati equation, and indeed computing the stationary density is the most important
application of this class of equations.

Xue et al. [26] provided a componentwise first-order perturbation analysis of this
equation, proving that the solution can be computed to high relative accuracy even
in the smallest entries, and suggested several algorithms for computing it. An impor-
tant step in all proposed algorithms is using so-called triplet representations, which
are special representations for M-matrices that allow for a high-accuracy variant of
Gaussian elimination, the GTH-like algorithm. However, triplet representations for
all the M-matrices needed in the algorithm were not found explicitly. This can lead to
an accuracy loss that prevents the algorithms to converge in the componentwise sense.

In this paper, we focus on the structured doubling algorithm, the most efficient
among the proposed methods in [26], and build upon their results, providing (i) explicit
and cancellation-free expressions for the needed triplet representations, allowing the
algorithm to be performed in a really cancellation-free fashion; (ii) an algorithm to
evaluate the final part of the computation to obtain the stationary density; and (iii)
a componentwise error analysis for the resulting algorithm, the first explicit one for
this class of algorithms. We also present numerical results to illustrate the accuracy
advantage of our method over standard (normwise-accurate) algorithms.

1 Introduction

Markov-modulated fluid queues { X (¢), ¢(¢) : t > 0} are two-dimensional Markov
processes frequently used for modeling real-life applications, such as risk theory,
actuarial science, environmental systems and telecommunication networks; see
for instance [3},[18, 19, [24]. In a fluid queue, the variable X (¢), called level, varies
linearly at rate ¢; whenever the Markov chain (t) is in state 4.

The key component for obtaining the stationary distribution of a Markov-
modulated fluid queue, which determines its steady-state behaviour, is finding
the minimal nonnegative solution to a nonsymmetric algebraic Riccati equation
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(NARE) of the form
B—-AX -XD+XCX =0, (1)

Several algorithms have been suggested for solving equations of this kind. We
refer the reader to the review article [7] and the book [6] for a list of the possi-
bilities. In our problem, the matrix
D -C
M= [ b ]
is a singular irreducible M-matrix, satisfying M1 = 0, where 1 is the vector
with all components 1 and 0 the one with all components 0. The linear algebra
literature has focused on a larger class of equations, so-called M-matriz algebraic
Riccati equations, in which M is either nonsingular, or singular and irreducible
M-matrix. Nevertheless, fluid queues are the main application of this class
of equations, having a broad applicability and considerable interest in applied
probability. Hence, we focus in this paper on the case of NAREs appearing in
fluid queues, adopting the notation and terminology closer to the probabilistic
meaning of these equations.

We consider here the structured doubling algorithm (SDA), introduced in
Guo et al. [13], and two variants known as SDA-ss [9] and ADDA [25].These
algorithms are the most efficient ones known for this class of equations [7]. We
develop a version of these algorithms that computes componentwise accurate
results with provable bounds. An approximation M > 0 of a matrix M > 0
is said to be within a componentwise error threshold € > 0 if it satisfies the
inequality

|Mij — Mz]| S EMij for all ¢+ and ] (2)

The threshold € may include a condition number for the problem, or a moderately-
growing function of the matrix size. Normally, linear algebra algorithms focus
on normwise stability instead, that is, on error bounds of the kind ||M — M| <
e||M||, with ||-|| being, for instance, the Euclidean norm. The main difference
between the two, is that a componentwise accurate algorithm ensures not only
the dominating components but also the smallest entries in the matrices are
computed with a high number of significant digits. This additional accuracy is
especially useful for problems whose solutions are badly scaled. In particular,
having componentwise error bounds is important in probabilistic applications:
some of the states of the Markov chain ¢(t) may represent component failures
or other exceptional behaviours; thus, very small entries are expected and it is
crucial that they are computed with high accuracy.

A componentwise perturbation theory for equation () has recently appeared
in [26]; its authors in addition described a first attempt to obtain a componen-
twise accurate algorithm. Our main improvement to their algorithm is showing
how to update special representations of the M-matrices appearing in the al-
gorithm, known as triplet representations. We refer the reader to Section [] for
definitions and more detail.

Moreover, we provide a componentwise accurate implementation for the part
that follows the solution of (II), that is, the computation of the stationary density
of the queue using this solution. This part is usually neglected in the linear
algebra literature, but it is nevertheless required to complete the computation
of interest in queuing theory.
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We present numerical experiments to demonstrate that updating correctly
the triplet representations is crucial to attain componentwise accuracy. In addi-
tion, we prove in the Appendix an explicit componentwise error bound for the
computed solution WU, the first one to our knowledge for this class of algorithms.

We organize the paper as follows. In Section 2 we formally describe the
Markov-modulated fluid queue and present a formula for its stationary distri-
bution. In Section Bl we introduce the structure-preserving doubling algorithm.
We describe our componentwise-accurate variant in Section @l Numerical ex-
periments are presented in Section Bl and a stability proof is included in the
Appendix.

2 The stationary density of a fluid queue

Let T be the generator matrix of a continuous-time Markov chain (CTMC) ¢(t)
on the finite state space S; that is, 71 =0, T;; > 0 for i # j and ,5 € S. We
assume that 7T is irreducible. A Markov-modulated fluid queue with a reflecting
boundary at 0 [20, 22| [T0] is a two-dimensional Markov process {X (t), ¢(¢)},
where the level process X (t) > 0 varies linearly at rate ¢; whenever the phase
process (t) is in state ¢ € S. In other words,

iX(t)* Ci for p(t) =i € Sand X(¢) >0,
dt ~ | max{0,¢;} for p(t) =i € S and X (t) = 0.

We define C = diag(c;)ies to be the diagonal rate matrix of the fluid level,
and assume that ¢; # 0 for all i € §. This assumption is without loss of
generality, as one can analyze models with zero rates by converting them into
models without zero rates using censoring techniques [I0, Section 1.7] which
are componentwise-accurate without modification. Moreover, we assume that
the fluid queue is positive recurrent; this is equivalent to requiring £€C'1 < 0,
where € > 0 is the stationary distribution row vector of the Markov chain ¢(t)
(6T = 0 and £€1 = 1). This is a necessary condition for the existence of our
quantity of interest, the stationary density.

We decompose the state space S into two exhaustive and disjoint subsets:
Sy ={te€S:¢ >0} and S_ :={i € §: ¢; <0}, and define n := |S|, ny :=

|S+], and n_ :=|S_|. Assume without loss of generality (up to reordering) that
S+ ={1,2,...,n4}; then, the matrices T and C can be written as
| Thy Th- ¢+ 0
re [T B oG 2]

where Ty, contains entries of T;; for i € S; and j € S, and Cy := diag(c;)ies, -
Next, we denote by F(x) := (F;(x))ies and p := (p;)ics, respectively, the
stationary distribution row vector and the probability mass row vector at level
zero of {X (t), p(t)}, that is,

Fi(z) := lim P[X(¢t) <z,0(t) =i forz>0andieS,
p; = lim P[X(¢t) =0,p(t) =i fories,
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and denote by f(z) := (fi)ics the associated density row vector, with

d
filz) = d—E(m) forx >0andi€S.
x
Based on the physical interpretations of the rates ¢;, we immediately obtain
p=(0,p_), where p_ = (p;)ies_. Furthermore, it is well-established that the
stationary density vector f(z) satisfies the following differential equation

d
— = T
P (@)C = f@)T. 3)
and is given by
Ffx) =p_T_ X"V for x>0, (4)
with
T =N "(Kx)'/il,
i=0
K=C['Tyy +9|C_| 7Ty, (5)
V=[ct wle |, (6)

the vector p_ being the unique solution to the system of equations

p_(T__+T_,¥) =0, (7)
p— (1-T_ K 'V1) =1 (8)

and ¥ the minimal nonnegative solution to the nonsymmetric algebraic Riccati
equation

U|CTHT_ U + CLM T U+ U CTH T 4+ O T - = 0. (9)

The matrix ¥ is stochastic and has a probabilistic meaning: each entry W;; is
the probability of the fluid returning, from above, to the initial level x > 0 in
phase j € S_, after starting in phase i € S and avoiding all levels below z [12]
Theorem 2.1].

In an alternative linear algebra view, the structure-preserving doubling al-
gorithm determines a basis [In . —\If} for the antistable left invariant subspace
of the matrix C~1T; that is, there exists a matrix—which turns out to be K as
defined in (B)—of order ny x ny with all its eigenvalues in the right half-plane
such that

I —v][C'T=K[I -V¥]. (10)

The formulas (@)—(G]) show that solving the Riccati equation (@) for ¥ and
calculating the matrix-exponential e ® are two main tasks in the evaluation of
the stationary density f(z).
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3 Structure-preserving doubling algorithms

Guo et al. [13] developed a structure-preserving doubling algorithm for solving
nonsymmetric algebraic Riccati equation, and proved that convergence to the
minimal nonnegative solution is monotonically increasing and quadratic. Later,
Bini et al. [9] and Wang et al. [25] presented two variants, SDA-ss and ADDA
respectively, which differ only in the initialization step and have faster conver-
gence speeds. We describe below the algorithms, starting from the most recent
and general one, the ADDA [25].

We first define a map F : R™*"™ — R"™*™ as follows. Given a matrix P €
R™*"  consider the following partition

" [fl 16—«3] . where £ € R+ and F € R"~*"~, (11)

and define
E:=E(I-GH)'E, (120)
F:=F(I—-HG)'F, (12b)
G:=G+ E(I-GH) 'GF, (12¢)
H:=H+F(I - HG)'HE (12d)

Then,

Fp)= g] 1(?3 . where E € R™ "™ and F e R"™*"-. (13

The map F is known as the doubling map, which is well-defined whenever the

matrices I — GH and I — HG are nonsingular. Morever, define

Cii Cii
ii Tii

(14)

Qopt = min

Bopt := min
€S ’ P

€S, ’

and choose two nonnegative reals o < agpt and 8 < Bopt, not both being zero,
and let

Py:=Q 'R (15)

where

_ |Cy —alpy —BT - _ |C + BT+ ol -
@Q="Tar, o |-pr_|" BT s, o |+ar._| (1O

Note that the conditions o < aepy and 8 < Bopy are equivalent to requiring
R;; > 0 for each 1.
Applying the doubling map to Py iteratively defines a sequence as follows

E, Gy
o, F|’

P = F*(Py), Py:= { k> 0. (17)
where F* denotes the composition of F with itself & times. The following
theorem on the limiting behavior of the four blocks of Py follows from [25, The-
orem 3.3] when a # 0 and 8 # 0 and from [9] Theorem 8] otherwise. Here and
in the following, inequalities among matrices are intended in the componentwise
sense.
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Theorem 3.1. Consider the iteration ([IT) applied with initial values (IH),
where (T,C) are the irreducible generator and the rate matriz of a positive
recurrent fluid queue {X (t),¢(t)}. For each k > 0, the matrices I — GiHy,
and I — Hp G}, are nonsingular, and the matrices Ey, Fy, Gy, and Hy, satisfy the
following properties:

(i) Er >0 and lim Ej =0,
k—o0

(i) F, >0 and klim F, =: F, for some matriz F.
— o0

(iii) 0 < G < Gp41 and klim G =V, where ¥ is the minimal nonnegative
—00
solution of the NARE ().

(iv) 0 < Hp < Hyy1 and klim H, = \/I\l, where W is the minimal nonnegative
— 00
solution to the NARE

|C_| 7Ty + OO Ty 4+ |C_| MU+ UCTIT, W =0.  (18)
(v) The convergence rate in the above limits is quadratic, that is,
P, — lim Py| < K62 (19)
k—o0

for a suitable Ko >0 and 0 < 6 < 1.

The algorithm described above is called ADDA [25]; older algorithms ap-
peared in literature are SDA-ss [9], which corresponds to choosing o = 0, and
SDA [13], which corresponds to choosing o = = min(cops, Bopt). In general,
we call them doubling algorithms. Clearly, Theorem [T also holds for both SDA-
ss and SDA, but the values of Ky and § for the three algorithms are different:
the smallest possible 0 that satisfies the bound ([I9) is

1 A
5= max{’ . + ﬁ)\‘ : A is an eigenvalue of C™'T and R\ < 0} , (20)
-«

where R\ denotes the real part of A.

Remark 3.2. Here, there are two significant changes in the presentation of these
algorithms with respect to the papers in which they originally appeared. First,
the parameters o and 8 here are the inverses of the parameters o’ and 3’ in the
original papers. That is, & := 1/a’ and § := 1/a’. This makes more apparent
the relation with SDA-ss, since we can set & = 0. Second, Equation (3], which

can be derived using [21], Theorem 5.1], is a simpler formula for the initial values
than those given in the original papers.

4 A cancellation-free version of doubling

4.1 M-matrices and the GTH-like algorithm

We begin with some definitions. Let us define the off-diagonal of an m x m
2

matrix A = (A; ;) as the vector offdiag(4) € R™ =™ which contains all the

non-diagonal entries of A ordered one column after the other, that is,

offdlag(A) = (Agyl, A371, ceey Am,l; Agyl, A213, ey Agym, ceey Amymfl)—r.
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(In fact, the actual order of these elements does not matter in our paper.) A
square matrix A is called a Z-matriz if offdiag(A) < 0, and an m x m Z-matrix
A is called an M-matriz if there exists a vector v € R™ such that v > 0 and
Av > 0. Tt is well-known [4] that a nonsingular Z-matrix is an M-matrix if
and only if Z —1 >0, and that a Z-matrix A is an M-matrix if and only if all
its eigenvalues have nonnegative real parts. In particular, the transpose of an
M-matrix is also an M-matrix.

A triple (u,v,w) € R™ —m % R™ x R™ with u < 0, v >0, w >0 is called
a right triplet representation for the Z-matrix A if offdiag(A) = w and Av = w.
In a sense, providing a triplet representation serves as a “certificate” that A is
an M-matrix, because it corresponds to verifying our definition explicitly. It
is remarkable that the same certificate can be used to perform several matrix-
algebraic operations with high accuracy. Indeed, we recall here the GTH-like
algorithm, introduced in [I], which is an algorithm for solving linear systems
Ax = b, with A being a nonsingular M-matrix and b > 0, using a triplet
representation of A and b as the only input. We present the algorithm as
Algorithm [ below.

Algorithm 1: GTH-like algorithm for solving Ax = b, where A is a
nonsingular M-matrix

Input: a triplet representation (offdiag(A), v, w), where
offdiag(A) € R™ =M gy = (V1 0m), w = (w1,...,wy),beR™,
offdiag(A) <0, v >0, w,b>0
Output: = A~1b
L+ ILy;
U < Opxm; offdiag(U) « offdiag(A);
for k=1 to m do
Uk, < (Wi — Uk kt1:mVk+1:m ) / Uk
Liy1mk < Utk /U ks
Wk+1:m — Wk+4+1:m — Lk+1:m,kwk;
Uk-l—l:m,k — 0;
Oﬁdiag(Uk+1:m,k+1:m) — Oﬁdiag(Uk+1:m,k+1:m - Lk—i—l:m,kUk,k—i-l:m);
end
y < L71b (computed by forward-substitution);
x + U~ 'y (computed by back-substitution).

© 00 N O A WN =

e
= O

The following result demonstrates the high level of stability of Algorithm [I]
when implemented on a computer. Here and in the following, we use the com-
mon floating point arithmetic model in which l(z opy) = (zopy)(1+e¢), |e] < u,
for op € {+, —, X, +} and machine precision u [15].

Theorem 4.1 ([I]). Suppose that Algorithm [1 is carried out in floating-point
arithmetic with machine precision u, with its input offdiag(A), v, w, and b given
as exact floating point numbers. Then, the computed & satisfies the following
inequality

| — 2| < (Y(m)u+ O(u?))z, (21)
where 1(m) = 2(2m + 5)(m + 2)(m + 3).

Notice in (ZI) the surprising absence of the condition number of A, which
one would expect from classical error analysis [I5, Chapters 7 and 9]. This is
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possible only because the input values of the algorithm are not the entries of A
but a different object, its triplet representation. In addition, we point out that
the term ¢ (m) is usually a pessimistic estimate: in practice, the growth factor
is typically O(m) rather than O(m?) [1].

The GTH-like algorithm works by computing an LU factorization of the
matrix A; it differs only slightly from a standard LU-based linear system solver
[I1]. Indeed, the only difference here are Lines Ml and [6 which compute each
diagonal entry of U with an equivalent subtraction-free expression instead of
the usual update rule (that is, performing Lines 2l and [§ on the whole matrix
U rather than on the off-diagonal entries only). It is easy to use the same LU
factorization to solve linear systems of the form A'a = b or to compute the
(left or right) one-dimensional kernel of a singular M-matrix, by simple variants
of Algorithm [II

In a similar fashion, we say that (offdiag(A),v",w") is a left triplet repre-
sentation for A if vT A = w', with v > 0 and w'™ > 0 (or, equivalently, if
(offdiag(AT), v, w) is a right triplet representation for AT). It is clear that we
can adapt the GTH-like algorithm to work with left triplet representations.

4.2 Triplet representations in doubling

Recently, an implementation of SDA taking advantage of the GTH-like algo-
rithm was proposed in [26], but triplet representations for the matrices to invert
in the algorithm, I — HyGy and I — G Hy, were not provided. Rather, the
authors advised to compute them from the entries of the matrices using an iter-
ative algorithm. However, when a matrix is ill-conditioned, computing its triplet
representation starting from its entries is an ill-conditioned problem, hence most
of the benefits of using the GTH-like algorithm are lost in this way.

We show in the following theorem that triplet representations for all the
matrices to be inverted in the algorithm are available explicitly with subtraction-
free formulas.

Theorem 4.2.
1. A triplet representation for @, defined in [IH), is
(offdiag(@), 1, |C|1). (22)
2. A triplet representation for I — Gy Hy, is
(offdiag(—GrHy), 1, G Fi1 + E1). (23)
3. A triplet representation for I — HpGy, is
(offdiag(—HyGy), 1, Hy Ex1 + Fj1). (24)
Proof. The first representation follows easily from 71 = 0. For the second

representation, since the matrix Py is stochastic for k > 0 (see Corollary [A16] in
the Appendix),

[gk _IGk] 1= [EO’“ ng] 1. (25)
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Pre-multiplying both sides by [H g 1 } gives
0 I—HpGy|1=[HyEx Fi]1,

which implies that (I — GxH)1l = GpFi1 + Ex1. Similarly, pre-multiplying
both sides of (28] by [I Gk} we get the equality needed for the third triplet
representation (24). O

Using these triplet representations, we can perform in a subtraction-free
fashion with the GTH-like algorithm all the inversions required for computing
the matrix ¥ starting from 7" and C. However, going through the algorithm
outlined in Section [B] there is still a place left where we need subtractions:
when computing R using (IH]), we need to evaluate the diagonals of the matrices
Ci+pT4 and |C_| + oT—_.

Recall that the parameters a and § are chosen so that these diagonal entries
are positive, and the optimal values aopt and Bopt are the smallest ones that
achieve this goal. The same issue is discussed in [26, Section 4.3]; a simple
fix is choosing o = Naepy and B = NBope for some 7 < 1 not too close to 1
(for instance, n = 0.9 or n = 0.5). In this way, the algorithm still contains
n subtractions but they are numerically safe, since we guarantee that the two
terms are not too close to each other.

Remark 4.3. If one wishes to avoid subtractions completely, the following strat-
egy can be used. Choose

-1 -1

T O SR 8 I B

kes_ el keS_ jES,j#k el

Now, for each i € S_ we can write

T T
lei| + aTyi = o <a1 - M) = alc| Z ki ,

|ei] keS_ jeS kg {i,j} x|

and the last expression contains only sums, products and inverses of nonnegative
numbers. A similar expression holds for 3, replacing S— with S;. This choice
of « satisfies njlaopt < a < aopt, S0 we expect the algorithm with these values
of a and B to require, in the worst case, log, n more steps than the one with
Qlopt and Bopt- O

Larger values of o and 5 mean more steps required in the SDA, so this
additional safeguard makes the algorithm slower. Nevertheless, thanks to the
quadratic convergence speed, choosing 7 = 0.5 should correspond roughly to
one more step needed.

To summarize, our proposed algorithm is presented as Algorithm

4.3 Numerical accuracy

Relying on the results on the stability of the GTH-like algorithm, we can obtain
explicit error bounds for the accuracy of the SDA algorithm. These bounds are
stated in the following theorem.
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Algorithm 2: Componentwise accurate SDA
Input: offdiag(T), C, €, where
T € R™ ™ is the transition matrix of a continuous-time Markov chain,
C € R™™ is a diagonal rate matrix with positive rates in the first n
entries and negative ones in the remaining n_ = (n — n4) entries,
¢ is the convergence tolerance.
Output: The minimal nonnegative solutions ¥ € R™+*"~ of ([@) and
T € R™-*"+ of (IR)
1 Set a <= Nopt, B < NBopt Using, for instance, n = 0.5;
2 Compute Tj; = — Z#j T;j;
3 Compute initial values Ey, Fy, Go, Hy according to (IH), solving the
required linear systems with Algorithm [I and triplet representation (22I);
4 k+ 0;
5 repeat
Compute Exi1, Fi+1, Grt1, Het1 according to (I2), using
Algorithm [ for inversions with triplet representations (23]) and (24));
7 k+—k+1;
8 until |Gr11 — Gi| < eGry1;
9 U Gy; \/I} +— Hy.

Theorem 4.4. Let G, be the approzimation of the matriz Gy computed by
Algorithm [2, performed in floating-point arithmetic with machine precision u
using o < 2a0pt and S < 2Bopt. Then,

2(K1 + K3)

G, — Gi| < <</€+K1+ s nf(o)u‘FO(UQ)) v, (26)

where Ko > 0 is a constant such that ¥ — Gj, < [~(052k\11,
Ky :=¢(n)+5n+2,
Ko = (nmax) + 4”1211ax + 2nmax — 1, with Npmax = max(ng, n_).

We recall that ¥ (n), defined in Theorem F.1] is a degree-3 polynomial. The
proof of Theorem [£.4] is rather technical and lengthy; therefore, we defer it to
the Appendix.

4.4 Other triplet representations

We now focus on the computation of the stationary densities as described in
Section 2 relying on the solutions computed with Algorithm 2. Using the
Riccati solutions ¥ and ¥, one can obtain the four matrices

W=T__+T_,V, K=C'Tiy + 02T,
W - T++ + TJ’__\/I}, I? == |C:1|T__ + @C;lT_’__.

The matrix K was defined in (@), while W appeared in (). They are all —M-
matrices, so the computation of their off-diagonal entries can be done directly
without subtractions. In addition, triplet representations for their negatives can
be computed explicitly.
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Lemma 4.5.

1. (offdiag(—W),1,0) and (offdiag(—W),1,T_4Fs1) are the right triplet

—~

representations for —W and —W , respectively.

2. (offdiag(~K),£4Cy, &_|C_|Foo|CZ!|T ) and (offdiag(—K),&—|C_|,0)
are the left triplet representations for —K and fIA(, respectively.

Proof. Analogously to (28), by Corollary [A.6]

| I B =N R eR |

We take the limit as £ — oo of the second column of both sides to obtain
€|~ €4 CLU = €_|C-|Puc.
Since £&1' =0, we have {47+ +£_T_ = 0 and therefore
64O K = (6 |C-| — £4.CL W) O Ty = € |C | Pl C2V Ty,

The other representations are proved in a similar way, using (23] and the fact
that Er — 0 as k — oo. [l

4.5 Matrix exponentials, scaling and squaring, and SDA

The problem of computing X% in (@) with high componentwise accuracy is

discussed in [23], where different algorithms are presented for computing exp(A4),
A being a —Z-matrix. For instance, the more basic algorithm consists in

(i) choosing A >0and z > 0such A = A zI, and

(ii) computing e as
~\ 2°
oA e (Tm(Q_SA)) : (27)

where 7, is the Taylor series of the exponential, truncated after its mth term,
and s is a suitable positive integer whose magnitude depends on the norm of A.

Algorithms of the form (27), where 7,, may be a rational approximation
rather than a Taylor expansion, are known as scaling and squaring [I7]. Mat-
lab’s standard algorithm expm, for instance, uses an algorithm of this family
[16], and we found that it often delivers componentwise accurate results on the
matrix on which we are using it, although it is not explicitly designed for this
purposeE. It is interesting to see that doubling is, indirectly, a scaling-and-
squaring algorithm. Indeed, at each step the factorization

e

0 F _H I ] = ((In —aC™'T)"'(1, +BC*1T))2k (28)

! For an analysis of the componentwise accuracy of scaling and squaring algorithms, see [2].
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holds. The right-hand side is the same expression that would be obtained by
applying a scaling and squaring method for computing exp(2*(a + B)C~1T),
with the inner function

1+ 2z
+5

Tlw) = 2
a+p3

which is indeed a rational first-order approximation of e®.

The formula (28)) is known in the SDA literature, but, as far as we know,
the observation that this corresponds to a scaling and squaring method, albeit
simple, is novel. (I

4.6 Density computation

Putting everything together, we can evaluate the stationary density f(x) and
the stationary probability mass at level zero of a Markov-modulated fluid queue
{X(t), p(t)} using Algorithm [ Note that all the computations are subtraction-
free; in particular, for Line [3 recall that K~! < 0 while V > 0 and T_, > 0.

Algorithm 3: Stationary density and probability mass of a fluid queue

Input: The irreducible generator 7' € R™*" diagonal rate matrix
CeR™™ z>0.
Output: The stationary density f(z) and the stationary probability
mass p_ at level zero.

1 Compute ¥ using Algorithm 2}

2 Compute a vector g such that giW = 0 using (a variant of) the GTH-like
algorithm and the triplet representation in Lemma [£.5}

3 Compute p_ = 7'q, where 8 =¢q (1 - T_ K~'V1);

4 Compute K and V according to (@) and (@);

5 Compute f(x) according to (), evaluating the matrix exponential as
described in Section ([@H) or in [23], or with Matlab’s expm;

5 Numerical experiments

We present two examples to demonstrate that updating correctly the triplet rep-
resentations is crucial for attaining componentwise accuracy in the algorithm.
For simplicity, we focus on the SDA and choose n = 0.5; hence, a = § =
0.5 min(awopt, Bopt))-

Example 6.1 (weakly connected queue). Consider a weakly recurrent
fluid model {X(t),p(t)}, where the phase process ¢(t) has the state space
§=1{1,2,3,4,5,6} and the transition matrix

—4 0 0 0 0 4
0 —(15+10% 5 5 5 1078
0 5 ~15 5 5 0

=1 5 5 -15 5 0" (29)
0 5 5 5 —15 0
4 1 o 0 0 -5
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and C = diag(1,1,1,—1.001, —1.001, —1.001). The transition graph of the phase
process ¢(t) is depicted in Figure[Il

108
5 /\
4 «——> 2 6
5 ~_
5I5><5I5 1 414
5
3 <T> 5 1

Fig. 1: The modulating Markov chain of a fluid queue, with two weakly con-
nected sets of states, {4,2,3,5} and {1,6}.

This is a fluid queue whose phase process is composed of two weakly con-
nected sets of states: the states {1,6} are difficult to reach from the others due
to the comparatively small transition rates 107! and 1. Hence, we expected the
stationary density of the queue to have very small values in these two states. We
computed the exact solution ¥ with a high number of significant digits using
variable precision arithmetic, and compared the normwise and componentwise
errors defined as

_ v -9 Wij — Wi

€horm -— W, Cocw = IMax \IIU

The resulting matrix

0.195 0.195 0.61
U= | 0.5 0.5 2-107°
0.5 0.5 1.7-107°

has two entries, ¥o 3 and W33, that are much smaller in magnitude than the
others. Probabilistically, these correspond to returning to the initial level in
the hard-to-reach state 6 after starting from states 2 and 3, respectively. We
compare in Table [T] the results of three algorithms:

GLX-SDA the non-componentwise accurate “standard” version of SDA intro-
duced in Guo et al. [13],

XXL-SDA the variant suggested by Xue et al. [26], which employs triplet rep-
resentations but recomputes them from the matrix entries at each step;

comp-SDA the componentwise accurate version of SDA that we introduce in
this paper (Algorithm [2]).

GLX-SDA XXL-SDA comp-SDA

eI]OI‘Hl eCW enorm eCW eHOTHl eCW

1.3-1071  21.-107% 1.0-107'® 36-1071% 20-10716 9.3.10°16

Tab. 1: Accuracy of various algorithms on the queue in Figure[I]
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The non-componentwise accurate variant GLX-SDA computes a normwise-
accurate matrix ¥, but the two small entries are computed with a larger relative

error:

P ~4.10713 _—4.10-13 1.10-16

[Q}z —6-10714 —6.10"4 —2.107°
Ui —6-10-4 —6.10-14 —2.10-°

The algorithm XXI-SDA reaches a smaller error on these tiny entries, but the
overall error is of the same order of magnitude as the standard algorithm, and
is far from reaching the full machine precision of 16 significant digits.

As a second test encompassing the whole Algorithm Bl we computed the
value of the probability density function f(z) with the three algorithms for sev-
eral values of z spanning different orders of magnitude. We used Matlab’s expm
function rather than the simple one described in Section L5 since we found
that it yields slightly better results on this example, despite having no explicit
componentwise accuracy guarantees. The normwise errors on the resulting vec-
tors f(x) are reported in Figure 2] while the componentwise ones in Figure

Fig. 2: Normwise error for the stationary density f(z) computed with ¥ ob-
tained by different algorithms.

I )

—_
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o
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normwise error on f(x)

10713 -

10—16 cnl ol il el il il il il o bl
107° 107* 1073 1072 107" 10° 10' 10* 10% 10%
T

— GLX-SDA XXL-SDA — comp-SDA —— cond (expm)
f(x)1

The plots contain also an estimate of the condition number of the matrix
exponential, computed using the method in [I4] for the normwise condition num-
ber and [23] Equation 2.2] for the componentwise condition number, and the
aggregate magnitude of the density function f(z)1. As one can see, for higher
values of the fluid level x, the result cannot be computed with full machine
precision anymore, and this is due to the higher condition number of the ma-
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Fig. 3: Componentwise error for the stationary density f(x) computed with ¥
obtained by different algorithms.
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trix exponential for large arguments, which dominates the error. This happens
roughly at the same order of magnitude as the decay of the density function.
Notice also the unexpected dip of the error in correspondence of z = 102
— this seems to be a numerical artifact, possibly due to the computation of
the matrix exponential; its position seems to vary when the parameter —1.001
in the matrix C is altered, but we do not have a compelling probabilistic or
numeric explanation for its existence. |

Example 6.2 (cascading process). Consider a fluid queue {X(t),(t)}
whose transition graph for ¢(t) is depicted in Figure M, with state space S =
{1,2,...,8}, generator T given by

-1 0 0 0 0 0 0 1.00 |
0 —-1.01 0 0 0.01 0 0 1.00
0 0 —-1.01 0 0 0.01 0 1.00
T — 0 0 0 -1.01 0 0 0.01 1.00
0.01 0 0 0 —1.01 0 0 1.00 |~
0 0.01 0 0 0 —-1.01 0 1.00
0 0 0.01 0 0 0 —-1.01 1.00
| 0 0 0 0.01 0 0 0 —-0.01 |

and C = diag(k,1,1,1,—1,—1,—1,—1) for a real parameter . The state space
S consists of a “base” state, labeled 8, and a sequence of states each of which
can be reached only by the previous one with a low transition rate; from each
state, there is also a higher transition rate to the base state (see Figure H).
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Fig. 4: A fluid queue model for a cascading process

This process models a fluid queue in which the stationary probabilities have
varying orders of magnitudes not due to a single very low transition rate but
to a series of moderately small ones: for instance, several unreliable backup
systems failing one after the other. By varying the parameter M across several
orders of magnitude, we alter the fluid rate in the most unlikely state.

In Figure Bl we plot the magnitude of the two error measures e,orm and ecy
for the same algorithms as the previous example, for different values of M. As

Fig. 5: Numerical results for the cascading process

—o— GLX-SDA enorm

10-1 i
3 GLX-SDA, ey
XXL-SDA, norm /.
1072 |- XXL-SDA ey y Z g
—o— comp-SDA e0rm ;/

10-5 | |-#- comp-SDA ey /) |

Errors on ¥
—
S
©
T

10—11 [

10—13 L

10—15 L

10717 1 T T T T T 11 111111 N1 VT VT R V1T RO WAV TTT MM ANITT
10° 10! 102 10* 10* 10° 10° 107 10® 10° 10'°10**10'210*310'* 10"
Fluid rate s in the base state 8

can be seen from the pictures, in this example XXL-SDA has essentially the
same numerical behaviour as the non-componentwise accurate GLX-SDA: both
have increasing errors as the fluid rate s in the base state 8 increases. On the
other hand, our new algorithm can solve this problem with accuracy that is
close to the machine precision u /2.2 - 10716, [ |
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A Doubling and censoring

In this section, we derive some results connecting the doubling map F to the
concept of censoring in Markov chains, which we shall need in the next section
when we prove the numerical accuracy of Algorithm 2] our componentwise ac-
curate SDA. In particular, the following two lemmas are standard results on
censoring that we shall need.

Theorem A.l. Consider S = {1,...,m} = S; USs, where S; NSy =0, and
let P be an m x m stochastic matrixz partitioned as

P11 Pra
P= , 30
[Pm Pzz} (30)

where Py, contains the transition probabilities from Sy to S.,. Suppose that
I — Pyq is invertible. Then,

(i) P’ := Pyy + Po1(I — P11)~ 1 P12 is stochastic.
(ii) If a row vector & = [, &,] > 0 is such that €P = €, then &,P' = &,.

The matrix P’ is said to be the matrix obtained by censoring the set S;
or the submatrix P;;. Censoring can alternatively be described in fully linear
algebraic terms: the matrix I — P’ is the Schur complement of the submatrix
I — P11 inl—P.

Lemma A.2. Let P be an m X m stochastic matriz, and T and U be two
disjoint subsets of S = {1,2,...,m}, with S\(T UU) # 0. Define P’ to be the
matriz obtained from P by censoring T, and P" the matriz obtained from P’
by censoring U.

Then, P" is also the matriz obtained from P by censoring T UU.

It was proved in [9] that the doubling map F ([3)) corresponds to a step in
another, similar iteration, Cyclic Reduction, on the matrices

B A AP R

Moreover, it was also established [3], [§] that Cyclic Reduction corresponds to
Schur complementation on a suitable tridiagonal block-Toeplitz matrix; thus, it
should not surprising that there is a direct interpretation of doubling as Schur
complementation/censoring, which is our next result. This result is slightly
different from the existing ones, since we are interested with block-circulant



A Doubling and censoring 18

matrices rather than block-tridiagonal ones here; nevertheless, the proof is sim-
ilar (see, for instance, [8, Section 7.3]).
Let Z,, be the m x m circulant generator matriz, defined by

1 j—¢=1 modm,
(Zm)ij = .
0 otherwise,

and denote by ® the Kronecker product.

Theorem A.3. Let P be a n xn stochastic matriz, and define £, F, G, and H
as in (), and Ay, A—, and A_ as in B1). Then, for k > 0 the matriz F*(P)
is obtained by censoring the top (2 — 1)n x (2% — 1)n block of the 2Fn x 2Fn
matric

PP = Z @A 4 Iy © Ao+ Zoe ® Ay (32)
A AL A
A. A- Ay
- A A
. Ay
A A A

Here and in the following, for clarity we omit blocks of zeros from some large
block matrices such as the one in (32)).

Proof. We prove the theorem by induction. For k =1,

0 G|E 0

P(g)[ A A_+A+} H 0|0 F
“lA+4A, A- |T|E 0]0 @
0 F|H 0

Then, using the identity

(= 8) = [ S5 i

we can verify the result directly.

Now, we assume that the result holds for a certain k£ and prove it for k£ + 1.
Let P := F(P). We first prove that the matrix obtained by censoring out the
components corresponding to the blocks with odd index numbers from peh
is exactly ﬁ(Qk), that is, the matrix with the same structure ([B82)) built starting
from P. The result then follows from Lemma [A.2]

We first reorder the blocks in P2"") to put the odd-numbered ones on the
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top, obtaining

[ A Ay AT
A- A_ Ay
A A Ay
A_ AL A
A_ A
. AL -
| Ay A_ A_ |
B T A | Z'0A_+10 A,
T LI9A+ZRA,| I'® A=

Next, we censor the top part, I ® A—, to obtain

IQA+(IQRA-+Z@A)IRA) N ZT @A +1®AL)
=Z'@A(I-A_)'"A_+IT®@(A-+A_(I-A-)'A
FAL(I - A)TTA)+ Z@ AL (I - A) T AL

_ 0 0 0 G E 0
— g1 b Y
_z ®[0 F]+I® 2. +Z®[0 0],

where E‘,ﬁ ,é, and H are the blocks of P as in ([@2). The last expression is
precisely peY. By the inductive hypothesis, the matrix obtained by censoring
the top (2F —1)n x (2¥—1)n of this matrix is F*(P) = F*+1(P), which completes
the proof. O

Remark A.4. One can obtain a different, probabilistic proof for this result rely-
ing on a physical interpretation of doubling algorithms in terms of the underlying
fluid queue. We are currently working on an explaination for these algorithms
from a probabilistic point of view, giving some insight that complements the
linear-algebraic point of view presented in this paper.

Similarly, we can express the initial values of the doubling algorithms as the
censoring of a suitable stochastic matrix.

Theorem A.5. Let (T,C) be the transition and rate matrices of a fluid queue,
and let v < (max; Qii)_l. Then, Py as in ([I3) is obtained by censoring the first

n states out of
_|[I=7Q "R
S = [ I 0 } . (33)

Proof. Clearly, 0+ I(I — (I —~Q))"*yR = Q7 'R, so it suffices to prove that
S is stochastic. For the nonnegativity, we need only to verify that the diagonal
entries of R are nonnegative, which holds because o < aopt, 8 < Bopt, and that
the diagonal entries of I —~(@Q are nonnegative, which holds because of the choice
of . Moreover, substituting the definitions of @ and R from (IH), and using
T1 = 0, one sees that S1 = 1. |

Corollary A.6. Let & > 0 be such that €T = 0. Then, for k > 0, Py is
stochastic and &|C|P, = €|C.
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Proof. By their definitions and the fact that €7 = 0,
£Q =¢|C| =&R,

and consequently that [€ ~&|C|] S = [¢ ~€|C|]. Hence, by applying Theo-
rem [A Tl to P, as a censoring of S, the corollary holds for & = 0.

For k > 0, one can verify directly that (17 ®£)P(2k) = (1T ®¢&), so the result
follows again from applying Theorem [A1l to Py as a censoring of P, O

B Componentwise stability of SDA

In this section, we prove the results on componentwise stability of SDA, thus
giving the proof of Theorem[Z.4l We begin with a perturbation bound that tells
us how the iterates are affected by a small change in the initial values.

B.1 Componentwise perturbation bounds

We focus on first-order results, assuming € to be a small parameter and hence
ignoring all terms containing €2 and higher powers of €. For brevity, we use the
notation A < B to denote A < B + O(e?). Moreover, we focus at first on the
case ny &~ n_; hence, we replace ny and n_ liberally with npay := max(n4,n_)
in our bound. The results of a more accurate analysis that keeps track of the
differences between n, and n_ are reported later in Section [B.3l

We state here two useful lemmas. The first is a small variant of [I, Lemma 2.2],
while the second is a simple consequence of the triangle inequality.

Lemma B.1. Let (offdiag(A),1,w) and (offdiag(A), 1, @) be triplet represen-
tations for two m x m M-matrices A and A such that

|offdiag(A) — offdiag(A)| < eloffdiag(A)| and |w — | < cw.
Then,
A7t — A7 < (2m —1)eA™h (34)

Lemma B.2. Let A, B, A, am{B be nonnegative matrices of suitable sizes such
that |A — A| < acA and |B — B| < beB. Then,

(i) |A+ B — (A+ B)| < max(a,b)e(A + B).
(i) |AB — AB| < (a + b)eAB.
The following lemma provides a perturbation bound for censoring.

Lemma B.3. Consider two stochastic matrices

P11 P12 - ]511 p12
P = dP == -
{Pm P22} o [P21 P22] ’

with P11, P1q € R™*™, |offdiag(Pf]5)| < eoffdiag(P), and suppose that I — Pi;
s invertible. Then,

|]321(I — ]311)71]512 — Pgl(I — P11>71P12| S (2m+ 1)5 (35)
If, in addition, |diag(Paz) — diag(P22)| < (2m + 1)ePag, then
|p22 + ]321 (I — p11)71]512 — Pyy — Py (I — P11)71P12| S (2m + 1)5. (36)



B Componentwise stability of SDA 21

Proof. We have
|(I — P11)1 — (I — P11)1| = |P12]_ — P121| S EP121.

Thus, I — Py and I — Py, satisfy the hypotheses of Lemma [BI] and hence
|(I —Pi1)~t —(I—Pi1)7 Y < (2m—1)e(I — P11)~t. The results now follow by
propagating errors with the help of Lemma [B.2] O

We start from a componentwise perturbation bound for Fy.

Lemma B.4. Let (T,C) and (T,C) be two pairs of the transition matriz and
the rate matrix of two fluid queues such that

loffdiag(T') — offdiag(T)| < eoffdiag(T) and |C — C| < e|C).

Consider Py = Q'R and its analogous Py = Q'R computed using the same
formulas ([I8) but starting from T and C, and with the same values of a and B,
chosen such that o < aopt, B < Bopt. Then,

|Py — Py| < (2n + 1)eR,.
Proof. We have
|Rii — Rii| = |Cy + BTy — Cy — BT
<|Cy — Cyl+ BTy — Tyl

<eCy+BY [Ty — Tyl
i
eCy+ By Ty
i

A

IN

= ER”

Hence, for S from (33) and its analog S (where we take the same value of

v for both), we have the bound |offdiag(S) — offdiag(S)| < eoffdiag(S). By
Lemma [B.3] we obtain the required result. O
Next, we derive a perturbation bound for the result of k steps of SDA.

Lemma B.5. Let P and P be two n x n stochastic matrices such that |P— P| <
eP, and F be the doubling map ([I3)). Then,

|F¥(P) — F*(P)| < n2*eF*(P).

Proof. Consider the matrices P2 and its analog P2 defined in the same
way but starting from P. They are stochastic matrices, and they satisfy the
hypotheses of Lemma [B:3l We apply the second part of this lemma, which
completes the proof. [l

By applying the first part of Lemma [B.3] rather than the second, we get a
corresponding bound for

Ji =G — Gr—1 = Ex(I — Gp—1Hp—1)Gr-1Fx—1 > 0.
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Corollary B.6. With the hypotheses of Lemma[B.3, we have
|jk — Jk| S n2k5Jk.

The above bound gives us immediately |(~¥k — G| < n2%eGy, for the doubling
iterates starting from two nearby sets of matrices. This bound, however, is quite
weak: in particular, it would allow for limg_, |G'k — Gg| = o0, while one would
expect this quantity to converge, since Gy, — ¥ and G — 0.

Here, we overestimate the error: essentially, we compute a new term of the
sum G = Go+ J1 + Jo + - - - + Ji. at each step, and at the same time make the
following estimate:

|Gk — Gi| < |Go — Go| + |1 = Ji| + | = Ji| + | Jo — Jo| + -+ + |k — Jk|
<eGo+neJ; +2nedy + -+ 2kn€Jk
<2"n(Go+ i+ Ja + -+ ).
Indeed, the last line is how errors in sums are bounded using Lemma
However, the factors Ji decay exponentially like O(52k), and this compensates

for the growing powers of two. The following theorem formalizes this intuition
to improve this bound.

Theorem B.7. With the hypotheses of Lemma [B.3, we have

. : 4K,
|G — G| < <1+ On) ew.

1-6

for a suitable constant I?O.

Proof. We know from TheoremB.Ilthat 0 < ¥ —G, < K062, and that U — G}, <
U. Hence we can write, for a suitable constant Ky (different in general from

Ko), U — Gy, < Ko6%° 0.

k
|ék — Gk| < |é0 — G0| +Z|jh — Jh|
h=1

k
é eGy + ne Z 2th
h=1

k
< eGy+ ne Z MW — Gp_1)
h=1

k
< eGy + ne Z MK
h=1

k
< eGo+2Kone Y oh—152"""g
h=1
2k

~ < 4K,
§€G0+4K0n5253\11§5\11+ 1 0?

eW O
=1

Clearly, an analogous result for H holds.
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B.2 Numerical stability

We now establish a more complex result that keeps track also of the numerical
errors in an implementation of the algorithm in floating-point arithmetic. We
denote by u the machine precision, and ignore second-order terms in u by hiding
them again in the syntax A < B.

We shall rely on the two following lemmas. The first one is a version of
Lemma that keeps track of floating point arithmetic errors as well.

Lemma B.8. Let A and B be nonnegative matrices of suitable sizes, and let A
and B be matrices of floating point numbers such that |A— A| < aud, |B—B| <
bubB.

1. Let S be the result of the matriz addition A+ B performed in floating point
arithmetic. Then,

IS — (A4 B)| < (max(a,b) + 1)u(4 + B).

2. Let P be the result of the matriz product A+ B performed in floating point
arithmetic. Then,

|P — (AB)| < (a+b+m)u(AB),
where m is the number of columns of A (and rows of B).

The second one is a slight variation of Theorem ATl to convert it to the same
form as the bounds in Lemma B8

Lemma B.9. Let A, A € R™>™ be two M-matrices with triplet representations
(offdiag(A), 1, w) and (offdiag(A), 1, ), and B, B € R™** be nonnegative, such
that

|offdiag(A) — offdiag(A)| < auloffdiag(A)|,
|B — B| < buB,

|lw — w| < auw,

and all of offdiag(/i), B, and w are floating-point numbers.
Let X be the result of the operation A~'B performed in floating-point arith-
metic with the GTH-like algorithm. Then,

X — A7'B| < ((2m — D)a+b+¢(m))uAd™'B.

Proof. By Lemma Bl [A~' — A~'| < (2m — 1)ud~!. Using this result and
Lemma [B.2] we get

|A7'B— A7'B| < ((2m —1)a +budA~!B.
By Theorem [A.T],
|X — A_lg| < Q/J(m)ufl_lg < w(m)uA_lB.

The result follows using the triangle inequality. |
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Our first result towards an accuracy proof concerns the initial values.

Proposition B.10. Let Algorithm [2 be performed in floating-point arithmetic
with o < 200pt and B < 2Bopt. Then, the computed approzimation By to P,
satisfies the bound

|P0 — P0| S KluP(),

with K1 := ¢¥(n) 4+ 5n + 2 and ¥ (n) defined as in Theorem [{.1]

Proof. We assume without loss of generality that @ and § are exact machine
numbers (otherwise, we simply replace them with their machine representation).
The machine representations of T" and c¢; satisfy |T7T| <uT and |¢; — ¢;] < ug;.

Let Q and R the computed versions of Q and R in floating-point arithmetic.
Their are computed by taking the machine representation of the corresponding
entry of T and multiplying it by a or 3, hence

|offdiag(Q) — offdiag(Q)| < 2u offdiag(Q)
and

|offdiag(R) — offdiag(R)| < 2u offdiag(Q).

The quantities d; := Z#i T;j, for i € S84, are computed (with n — 1 additions
and one multiplication) up to an error |d; — d;| < (n 4 1)ud;, as we get by
applying repeatedly Lemma Moreover, due to our choice of 3, ¢; > 2d;,
which implies d; < ¢; — d; and ¢; < 2(¢; — d;). Hence we have

11(& — di) = (¢ = di)| = [(& — di)(1 +€) — (¢; — )]

& — | +|di — di| +ulé; — di
uc; + (n+ ud; + u(e; — d;)
2+n+14+1u(e —d;) = (n+4)u(e; — dy).

IN

IN A

A similar bound applies for i € S_. Putting everything together, we have
|R— R| < (n+4)R, |offdiag(Q) — offdiag(Q)| < 2uoffdiag(Q), and |C1 —C1| <
uC'1. Hence, by Lemma

[Po = Pol < (2(2n = 1) + (n +4) + (n))uPp.

We are now ready to assess the numerical error a single SDA step.

Lemma B.11. Let F be the map that computes approzimately the result of one
iteration of SDA implementing Equations [(I2) in machine arithmetic. For any
n X n stochastic matriz P, we have

|F(P) — F(P)| < KouF(P),

with Ko = ¥ (Nmax) + 4n2 . + 2nmax — 1
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Proof. Let E, F, G, H be the blocks of P, E, ﬁ, é, H those of F(P),and E, F, G, H
those of F(P). For simplicity, with a slight abuse of notation, for any matrix
X > 0 appearing in the algorithm we denote here by ¢(X) its computed value
in machine arithmetic along the SDA step computation. Applying Lemma B3
repeatedly, we have |¢(GH) — GH| < n_uGH and

lc(F1) — F1| < n_uF1,

|c(GF1) — GF1| £ 2n_uGF1,
lc(E1) — E1| < nyuF1,
|c(GF1+ E1) — GF1 — E1| < (2nmax + 1)u(GF1 — E1).

Hence

le((I - GH)™'G) — (I - GH)™'G]
< ((27max — 1)(20max + 1) + ¢(max) Ju(l = GH) ™' G,
and carrying on the error propagation in the same fashion leads to
|G—G|=|c(G+E(I—-GH)"'\GF) -G — E(I - GH) 'GF)|
< (Y(Mmax) + 412, + 2Nmax — l)uCAT'.
The error computations for the other three iterates E, F, H are analogous. O

We are now ready to tackle several doubling steps together.

Theorem B.12. Let P, = F*(Py) be the approzimation to Py, = F*(Py) com-
puted by Algorithm [2 performed in floating-point arithmetic with machine preci-
sion u, using values of the parameters o, B such that o < 20pt and B < 2Bopt.
Then,

|P, — Pi| < n2%(K, + Ky)uP.

Proof. We prove the result by induction on k.

The following manipulation is nothing but a formal version of the statement
that when considering first-order error bounds, we can simply add up the local
errors in every step of the algorithm. We start from the telescopic sum

k
[P (Po) = FF(Po)l < Y_|FM TV FF I (By) — FIF R (By)
h=1

k
= |F' T F(Peon) = FPUF(Prn)l- (37)
h=1
By Lemma [B11]
|\ F(Pi—n) = F(Pe-n)| < KouF(Pyp);
hence we can apply Lemma [B.5 with ¢ = Ksu, to obtain for each h > 1
|FRLF(Py_p) — FFrF(Pe_n)| < n2h Y KouF"(Py_p)
< n2h T KouFR(Py).
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In the last line, we have substituted Pj_j, for 15;6, n, which is possible because the
two expressions differ only for a term of magnitude O(u) by inductive hypothesis.
Insert this inequality into (1) to obtain

|F(Py) — FE(By)| < zk: n2" L KouFE(Py)
P (38)
< n2F KouF*(Py).
Moreover, using again Lemma [B.5] we get
|F5(Py) — FF(Py)| < n2FKuF* (Ry). (39)
Combining ([B8)) and [B9) we get the required result. O

Again, this error bound is exponential in &, which is quite unwelcome. We
can improve it using the same trick as in Theorem [B.7l Since computing Jj, is
just removing the final addition from the algorithm, the previous bound can be
easily modified to yield |jk — Ji| < n2F(K; + Ks)uJy. Now we proceed as in
the proof of Theorem to prove Theorem (.4

Proof. (of Theorem[{.7)) The matrix Gy is the result of the addition (in machine
arithmetic) of the matrices Gy, Ji, Ja, . . ., Ji, performed in this order at different
steps along the algorithm. For this addition, we have

k k
|G — Gi| < (Go Jrzjh)(l + ku) — (Go + ZJh)|
h=1

h=1

k
é kuGy, + |éo — G0| + Z|jh - Jh|
h=1

k
i kqu + KluGo + Z n2h(K1 + KQ)th
h=1

k
< kuGh + KiuGo + (K1 + Ko)n Y 2"ukod ¥
h=1

2(K1 + Kg)n ~

S kuw + Klu\If + 1 5 KO\I/

B.3 The unbalanced case

In the previous bounds we have replaced n4 and n_ with ny.x for simplicity;
hence, these bounds are overestimated whenever n_ # ny. It turns out that
there is a different strategy that we can adopt in this case, which leads to a
slightly smaller value of K5. First of all, we recall from [26] that the following
alternative formulas equivalent to (I2) can also be used for the doubling step

Eii1 = Ex(I + Gr(I — HyGy) ' Hy)Ey, (40a)
Fyy1 = Fp(I + Hp(I — G Hy) "' Gy.) Fy, (40b)
Gri1 = Gy + ExGp(I — HyGy) ' Fy, (40c)
Hyyy := Hy + F.Hy(I — G Hy) ' Ey. (40d)
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If ny = n_, the formulas (I2) are the ones with the lower computational cost;
however, if n; < n_, one can invert the ny x ny matrix I — G Hy rather than
the larger n_ x n_ matrix I — HG}, that is, use (I12a)), (40D), (I2d), (0d), and
vice versa if n_ < n_.

By using the appropriate formulas, one can derive a slightly tighter version
of Lemma [B.11l We report only the final result here, since the proof is basically
unchanged.

Theorem B.13. If we choose for each iterate the formula with the smallest
matriz to invert among (I2) and @), then in Lemma [BI11 (as well as in
Theorems and[{-7)) we may replace the factor Ko with

[(2 = 1/}(nmin) + (2nmax + 1)(2nmin - 1) + 2nmax + Nmin

= ¢(nmin) + 4nmaxnmin + 3nmin-
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